MINIMAL  INTERSECTIONS  AND VANISHING
(CO)HOMOLOGY

DAVID A. JORGENSEN AND W. FRANK MOORE

Abstra ct. We intro duce a class of local Noetherian rings, which we call min-
imal intersections, and show that over such rings there exist classesof modules
for which the derived functors Ext and Tor vanish nontrivially . This gener-
alizes a well-known phenomenon of non-trivial vanishing of Ext and Tor for
modules over complete intersections of codimension at least two.

1. Intr oduction

Let R be a commutativ e local Noetherian ring, and M and N nitely generated
R-modules. In many casesyanishing of all higher Ext and Tor can only occurin a
trivial way. For instance,in [9], [10], [8] and [18] it is shown that over hypersurfaces
(which are codimension one complete intersections), Golod rings and Gorenstein
rings of low codimension, the vanishing of all higher Tor?(M;N) or Exti(M;N)
implies that either M has nite projective dimension, or N has nite projective
dimension (or nite injective dimension for Ext vanishing if R is not Gorenstein).
This raisesa question of the rarity of non-trivial vanishing of all higher homology
and cohomologyover local rings.

The only well-known classof local rings over which the vanishing of all higher
Ext and Tor occursnon-trivially is that of completeintersectionsof codimension at
leasttwo (see,for example, Theorem 3.1 of [12], and [4]). In this paper we isolate a
property of completeintersectionswhich enablesnontrivial vanishing, and consider,
more generally, local Noetherian rings having this property:

Denition. Let R = Q=I with Q aregular local ring and | an ideal in the square
of the maximal ideal of Q. We say that R is a minimal intersection if | is the sum
of two non-zeroideals |, and I, of Q such that 1.\ I, = I115.

We prove that (outside of special cases)there exist large classesof modules over
minimal intersections demonstrating non-trivial vanishing of all higher homology
and cohomology That is, if R is a minimal intersection then (in most cases)
there is an abundanceof nitely generatedR-modules M and N, both of in nite
projective dimension over R, such that TorR(M;N) = 0 for all i 0; and there
exists in abundance nitely generatedR-modules M ° and (not necessarily nitely
generated R-modules) N © of in nite projective and injective dimensions over R,
respectively, suc that Ext{?(M “N9Y = 0for all i 0. If we further assumethat
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R is Cohen-Macaula, then these classesof modules consist of nitely generated
maximal Cohen-Macaulay modules.
Minimal intersections are a generalization of complete intersections of codi-

In SectionTwo we give properties of minimal intersectionsneededthroughout the
paper. For instance, we show that the Cohen-Macaulay and Gorenstein properties
are presened after minimal intersection. Section Three gives general results for
Ext and Tor that are also needed. We discussin Section Four how nontrivial
vanishing of Ext and Tor can occur over complete intersections of codimension at
leasttwo. It is shown in SectionsFive and Six that nontrivial vanishing occursover
Cohen-Macaulay and Gorenstein minimal intersections (respectively) like it does
over complete intersections. In Section Seven we show that nontrivial vanishing
occurs over arbitrary minimal intersections. The nal Section Eight givessewral
examples,and a su cien t condition for detecting modulesin the classesexhibiting
nontrivial vanishing. This su cien t condition looks at the form of the the free
resolution of the module, and is aptly implemented on the computer. We do this
using the computer algebra padkage Macaulay 2.

2. Minimal Intersections

Throughout this section we assumethat Q is a regular local ring, and R =
Q=(l1 + I2) with 11 and I, nonzeroideals cortained in the square of the maximal
ideal of Q, and we setR; = Q=I; and R, = Q=Il,. We start with somebasic facts.

Lemma 2.1. With the notation alove we have:

(1) R is a minimal intersection if and only if ToriQ(Rl; R2) = Ofor all i > 0.
(2) Assumethat R is a minimal intersection. Then

(@ pdg R = pdg R1+ pdg Rz;

(b) depthg Q + depthg R = depthg R1 + depthg Ro.

Proof. Property (1) is standard. Seefor example [17].

For (2)(a) we simply note that if F and G are minimal free resolutions of Ry
and R, over Q, then (1) implies that F o G is a minimal free resolution of R =
R1 q Rz over Q, and this resolution is of length pdg Ry + pdg R2.

Property (2)(b) follows from (2)(a) and the Auslander-Buchsbaumformula.

The next result discussesCohen-Macaulay and Gorensteinminimal intersections.

Prop osition 2.2. Assumethat R is a minimal intersection. The following hold:
(1) If R; and R, are Cohen-Maaulay, then so is R; moreover, we have the
equality height(l; + 1,) = height 11 + height | ,.
(2) If R1 and R, are Gorenstein, then sois R.
(3) If Ry and R, are completeintersections, then sois R.

If Q contains a eld, then the conversesto statements(1){(3) hold as well.

Proof. The proof of the rst statement of (1) is givenin [7, Lemma 1.10]. To prove
the secondstatemert, using the Auslander-Buchsbaum formula, and the fact that
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pdg R = pdg R1 + pdg Rz, we have
height| =dimQ dimR
= depthQ depthR
=pdg R
= pdg R1 + pdg R2
=(depth Q depthR;) + (depthQ depthRj)
=(dim Q dimR;)+ (dmQ dimRy)
= height I ; + height I 5:
For the proof of (2), statement (1) already establishesthe necessaryCohen-

Macaulay hypothesis. Thereforeit su ces to shaw that ExthdQ R(R;Q) = R.

Since R; and R, are both Gorenstein, we have ExthdQ Rl(Rl;Q) = R; and

ExtgdQ RZ(RZ;Q) = R,. Let F and G be (deleted) minimal Q-free resolutions

of Ry and R, respectively. By the vanishing of ToriQ(Rl; Ry)=0foralli 1,a
minimal Q-freeresolution of R isgivenby F o G, and it followsthat the canonical
module of R is ExtgdQ R(R;Q) = R; ¢ Rz = R. ThusR is Gorenstein.

Statemert (3) follows easily from (1) and the factthat o (1) = o(I1)+ o(l2),
where o(J) denotesthe minimal number of generatorsof an ideal J of Q.

Now supposethat Q cortains a eld, and that R is Cohen-Macaula. By the
intersection theorem of Peskineand Szpiro (seeCorollary 9.4.6 of [5]) we have the
inequality

depthQ + dimR dimR; + depthR;:
Therefore
depthR; + depthR, =(depthQ  pdg R1) + (depthQ  pdg R2)
= depthQ + (depthQ pdg R)
=dimQ + depthR
=dimQ+ dimR
dim Ry + depthR3:

ThusdepthR; dimR; and soR; is Cohen-Macaula. By symmetry, sois Ra.
Now assumefurther that R is Gorenstein. To prove the converseof (2) it suf-
ces to show ExthdQ Rl(Rl;Q) = R; and ExthdQ R2(RZ;Q) = R,. Let F and G
be (deleted) minimal Q-free resolutions of R; and R;, respectively. By the con-
verseto (1), both F and G are complexeswith homology ExtgdQ Rl(Rl;Q) and

Extd° "*(R,;Q), and it follows that

Extg® P (R Q) = Extg M (R1;Q) o Extl (R Q):
By assumption, Ex'tgdQ RatPde R2(R:Q) = R, and thus EtiQdQ "(R1Q) = Q=19

and ExtgdQ R2(Rp;Q) = Q=19 for ideals 19 and 19 of Q satisfying I; 19 and

I, 19. The sameargumert for F and G shaw the reverseinclusions of ideals,
yielding 1, = 19and 1, = 1.

The corverse of statemert (3) follows easily from the corverseof (1) and the
equality o(1)= o(l1)+ oll2).
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Prop osition 2.3. Suppsethat R is a minimal intersection. Then R, is a minimal
intersection for all prime ideals p of R.

Proof. WehaveR = Q=I1+ |, with Q aregularlocalring, and 1112 = 11\ I,. Letp
be a prime ideal of R, and supposeP is a prime ideal of Q which is a preimageof p.
Then Ry = Qp=(11)p + (I2)p with Qp aregular local ring. Thus R, is a minimal
intersection if and only if (I1)p(I2)p = (I1)p \ (I2)p, but this follows easily from
the fact that 115 = |]_\ I5.

Theorem 2.4. The following are equivalent:
(1) R is a minimal intersection;
(2) for all primes p of Q,
depthg Ry + depthg Qp = depthg (R1)p + depthg (R2)p
Proof. This is just 2.1 and 3.2.

Recallthat R is a called a proper intersection if dim R = dimR;+dimR, dim Q.
In the Cohen-Macauley case,minimal intersectionsare proper intersectionsin the
following strong sense.

Corollary 2.5. Supmsethat R; and R, are Cohen-Maaulay. The following are
equivalent:

(1) R is a minimal intersection;

(2) Rp is a proper intersection for all primes p of Q.
Proof. The corollary follows from the theorem 2.4 and 2.3

It is usefulto havea criteria for whenalocalring is a minimal intersection. Recall
that if X is a module over a local ring A with residug eld , then the Poincare

seriesof X over A is the formal power seriesPy (1) =, ,dim Tor(X; )t'.
Prop osition 2.6. The local ring R = Q=(I1 + I,) with residue eld k is a minimal
. . . dP2

intersection only if dtR ( 1)=0

Proof. Since Q is a regular local ring, Pgl(t) and sz(t) are polynomials in t,
and since R; and R, are Q-modules of rank zero, we have P(Rgl( 1) = 0 and

Py, ( 1)= 0. Now 2.1showsthat P3(t) = P} (1) P, (t). ThusP3(t) has lasa
double root.

3. General Results on Ext and Tor

In this section we give somebasic results on the vanishing of Ext and Tor.
We make major use of the following standard result (see,for example, 11.51 of

[17).
3.1. Supposethat A is a commutativ e ring, J an ideal of A, and setB = A=J.

(1) If X is an A-module such that Tor(X;B) = Ofor all i 1, then for any
B-module Y we have

Tor (X;Y) = TorP (X A B;Y) foralli;

and _ _
Exty (X;Y) = Extg(X A B;Y) foralli:
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(2) If Y is an A-module suc that Extk(B;Y) = Oforalli 1, then for any
B-module X we have

Extly (X;Y) = Exth (X;Homa(B;Y)) for all i
The following formula from [10] is instrumental to the proofsin the subsequen
sections.

Theorem 3.2. ([10, 2.2]) Let X and Y be nitely geneated modules over a local
Noetherian ring A with pd, X < 1 . Then

supfi j Tor'(X;Y) 6 Og= supfdepth, A, depthy X, depthy Y,g;
where the second sup is taken over all p 2 SpecA.

Corollary 3.3. Let A be a Cohen-Maaulay local ring and X and Y nitely gener-
ated A-moduleswith Y maximal Cohen-Maaulay, and pd, X < 1 . Then we have
Tor®(X;Y) = 0for all i > 0.

Prop osition 3.4. Let A be a Gorenstein local ring, B = A=J suchthat pd, B <
1, and X be a maximal Cohen-Maaulay A-module. Then we have

Homp (X;A) A B =Homg(X aB;B)
Proof. Hom-tensor adjointnessgivesHomg (X A B;B) = Homa (X;B), therefore
it suces to exhibit an isomorphism Homa(X;A) a B = Homa(X;B). This
isomorphism is easily seenwhen X is a free A-module. In general,let G! F !
X 1 0 bean A-free presertation of X. On the one hand we Apply Homa( ;B),

and on the other hand we apply Homa( ;A) rst then a B. The result is a
commutativ e diagram

0——Homa (X;B) QHomA(F; B) ;HomA(G; B)

0—IHoma(X;A) A B —/Homa(F;A) A B —/Homa(G;A) A B

We just needto know that the bottom row is exact to establish the proposition.
For this, considerthe short exact sequences0 ! ' F!I X! 0,and 0!
o1 G! I 0. Applying Homa( ;A), and using the fact that Ext,ﬁ(X;A) =
Extx( ;A) = 0(sinceX and are maximal Cohen-Macaulay A-modules), we get
the short exact sequenced ! Homa(X;A) ! Homa(F;A)! Homa( ;A)! O
and0! Homa( ;A)! Homa(G;A)! Homa( %A)! 0. Now applying AB
we obtain
Tory (Homa( ;A);B)! Homa(X;A) B!
Hompa (F;A) A B! Homa( ;A) AB! O
and
Tory (Homa( %A);B)! Homa( ;A) AB!
Homa(G;A) A B! Homa( %A) AB! O
SinceHoma ( ;A) and Homa (% A) are maximal Cohen-Macaulay A-modules and
pd, B < 1, 3.3 shows that Tor (Homa( ;A);B) = Tor(Homa( %A);B) = 0
for all i > 0, and sowe have short exact sequences

0! Homa(X;A) aB! Homa(F;A) aB! Homa( ;A) aB! O
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and
0! Homa( ;A) aB! Homa(G;A) AB! Homa( %A) AB! O

Splicing thesetogether, we get the bottom row of the diagram above, and one easily
veri es that it is commutativ e.

Prop osition 3.5. Assumethat A is a Cohen-Maaulay local ring with canonical
module! . Let - denotethe dual Homg( ;! ). Let X andY be nitely geneated
A-modules, with Y maximal Cohen-Maaulay. Then ExtiA(X;Y) =Oforali O
if and only if Tor®(X;Y-)= Oforalli O.

If X is moreover maximal Cohen-Maaulay, then the following are equivalent:

(1) Exth(X;Y)= 0foralli> 0;

(2) Tor*(X;Y-)= Oforalli> 0, andX A Y- is maximal Cohen-Maaulay.

Proof. That (1) and (2) are equivalent is proven in [14, 2.7]. To prove the rst
statemert we simply replaceX by a su cien tly high syzygy module, and then use
the equivalenceof (1) and (2).

4. Vanishing over Complete Intersections

We briey describe how non-trivial vanishing can occur over complete intersec-
tions. We rst recall the following remarkable theorem of Avramov and Buchweitz,
which makesuse of support varieties, and which are reviewed below:

Theorem 4.1. LetM and N be nitely generted modules over a complete inter-
section R. Then the following are equivalent.

(1) TorfR(M;N)=0Oforalli 0

(2) Exti(M;N)=Oforalli O

(3) Extk(N;M)=0Oforalli 0

4) VIM)\ V(N) = f0g.

Thus nontrivial vanishing occurs over complete intersections precisely when M
and N are nitely generatedmodules, both of in nite projective dimension, such
that V(M)\ V(N) = f0g. We now describe a situation in which this trivial inter-
section of support varieties holds:

and that N%is a Maximal Cohen-Maaulay module over R,. For M = M?% g, R
andN = N° g, R we have

(1) V(M)\ V(N) = fog

(2) pdg, M°= pdz M, and pdg, N°= pdg N.

Thus nontrivial vanishing occurswhenever M ®and N © are chosento have in nite
projective dimensionover R; and Ry, respectively.

We brie y recall the de nition of support variety (cf. [2]). Let R be a complete
intersection. We can without lossof generality assumethat the residue eld k of R
is algebraically closed. For any nitely generatedR-module M, the sequenceof Ext
modules Extr (M ; k) hasthe structure of nitely generatedgraded module over the
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is a homogeneousdeal of R, and we de ne the support variety of M, V(M), to be
the conein c-dimensionala ne spaceover k de ned by anng Extr (M ;Kk).

Proof. The proof is really that of [12, 3.1]: by construction, M lifts to M ©, and the

proof of [12, 3.1] gives( r+1;::; o) anngrExtgr(M;K). ThusV( re1;::05 o)
V(M). Similarly, V( 1;:::5 () V(N), andsoV(M)\ V(N) V( g5 o)\
V( re1;ii; o) = f0g.

There are two other relevant properties of vanishing Ext and Tor which hold
over completeintersections. Both are well-known, and the rst is referredto asthe
uniform Auslander condition in [15]. See[3, 4.2] and [11, 2.2] for the proofs.

Theorem 4.3. LetM and N be nitely genemated modulesover a complete inter-
section R. Then

(1) Extt(M;N) = Ofor all i 0 if and only if Extx(M;N) = 0O for all
i > minfdepthR depthM;depthR depthNg.
(2) TorR(M;N) = 0 for all i 0 if and only if TorR(M;N) = 0 for all

i > minfdepthR depthM;depthR depthNag.
The secondrelevant property is a special caseof what is provedin [4, 5.6].

Theorem 4.4. LetM and N be nitely geneated modulesover a complete inter-
section R. Then
(1) Exti(M;N) = Oforalli 0if andonlyif Ext;(M;N )= Oforalli 0.
(2) TorR(M;N) = Oforalli 0if andonlyif TorR(M;N )= Oforalli O.

We can generalizetheseaspects of nontrivial vanishing to minimal intersections.
The trade-o to consideringa classof rings much more generalthan the complete
intersectionsis that we establish nontrivial vanishing for speci ¢ classesof modules
| those consisting of modules as described in 4.2. We remark that Propaosition
4.2 does not describe the only way in which nontrivial vanishing can occur over
complete intersections. Seeexample 8.2 below.

5. Vanishing over Cohen-Ma caulay Minimal Intersections

Throughout this section R = Q=(I; + |) is a minimal intersection. We set
R; = Q=l; and R, = Q=l,, and assumethat R; and R, are both Cohen-Macaulay,
sothat R is Cohen-Macaula, by 2.2. We establish nontrivial vanishing of Ext and
Tor for large classesof modules.

Theorem 5.1. Let R be a minimal intersection with R; and R, Cohen-Maaulay.
Supmwsethat M % is a maximal Cohen-Maaulay R;-module, and N ° is a maximal
Cohen-Maaulay R,-module. Then for M = M? g, RandN = N° g, R wehave

(1) M, N,andM g N are maximal Cohen-Maaulay R-modules;

(2) Torf(M;N)= 0for alli > 0;

(3) Extk(M;N-) = 0for all i > O;

(4) pdg M = 1 if and only if M Cis not free; pdg N = 1 if and only if N9is

not free if and only if idg N- = 1 .

Proof. (1). From 2.1 we have that ToriQ(Rl;Rz)p = O foralli > 0, and all
prime ideals p of Q. Thus, by 3.2, we seethat depthQp Qp deptth(Rl)p
depthg, (Rz2)p O for all primes p of Q. SinceM %is a maximal Cohen-Macaulay



8 DAVID A. JORGENSEN AND W. FRANK MOORE

Ri-module and N is a maximal Cohen-Macualay Rz-module, depthg (R1)p =
depthy M and depthg (Rz), = depthy N for all primes p of Q. Thus for all
primes p of Q,

depthy, Qo depthg M7 depthy NJ =
depthQp Qp deptth(Rl)p depthQP(Rz)p 0

Thus by 3.2 again we obtain Tor?(M%N9 = 0 for all i > 0. It follows that
pdo M? o N°= pdy M+ pdy N° Now the Auslander-Buchsbaumformula gives
the equation

depth, Q + deptho M o N%= depthy M °+ depthy N°

Using the fact that M % and N © are maximal Cohen-Macaulay, and comparing with
depthy Q + depthg R = depthg Ry + depthg R2 from 2.1, we seethat depthg R =
deptha M o N, and this is the sameasdepthg R = depthy M g N.

The sameproof shavs that M and N are both maximal Cohen-Macaulay, just
by replacing N° by R, and M °by R, respectively.

(2). We rst claim that pdg, N < 1. Indeed, proceedingas in the proof of
(1) we have ToriQ(Rl; NO = 0for all i > 0. Thus by 3.1 we have ToriQ(k; NO =
Tor?* (k;N). Sincepdy N°< 1, the claim holds.

Proceedingasin the proof of (1) again, we have ToriQ(M %R,)= 0foralli> 0.
SinceToriQ(Rl; R,) = Ofor all i > 0, 3.1 implies we also have ToriRl(M “R)=0
for all i > 0. Now 3.1 again shows that ToriRl(MO,N) = TorR(M;N) for all
i. Sincepdz, N < 1 and M 0 js maximal Cohen-Macaulay we seeby 3.3 that
TorR*(M;N) = Ofor all i > 0, and thus the sameis true for Torf (M;N).

Property (3) follows from (1), (2), and 3.5.

The last statemert (4) follows from the isomorphismsfor all i, Torfl(M O k) =
TorR(M;k), and Tor?(k;N9 = Torf (k;N), plus the fact that N is free over R,
if and only if Torf(k;N) = Oforalli  0if and only if (by 3.5) ExtiR(k; N-)=0
foralli Oifandonly ifidg N- < 1.

Remark. The plentitude of modules involved in nontrivial vanishing according
to 5.1 thus dependson the quantity of indecompasablemaximal Cohen-Macaulgy
modules over R; and R,. The literature suggeststhat in "most' casesthese quan-
tities are quite large.

6. Vanishing over Gorenstein Minimal Intersections

Theorem 6.1. Let R be a minimal intersection with R; and R, Gorenstein. Sup-
pose that M % is a maximal Cohen-Maaulay R;-module, and N° is a maximal
Cohen-Maaulay R,-module. Then for M = M? g, Rand N = N° g, R we
have

(1) M, N,andM r N are maximal Cohen-Maaulay R-modules;
(2) Torf(M;N) = 0for alli > 0;
(3) Extt(M;N )= Ofor alli > 0;
(4) TorfR(M;N )= 0Ofor alli > 0;
(5) Extk(M;N) = 0 for all i > O;
(6) ExtL(N;M) = 0 for all i > 0;
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(7) pdg M = 1 if and only if M %is not free, and pdy N = 1 if and only if
NCis not free.

Proof. Properties (1)-(3) and (7) are handled by 5.1. For (4), (5), and (6) it su ces
to show that N = Homg,(N%R,) g, R. But this is exactly the statemert of
3.4.

7. Vanishing over Arbitrar y Minimal Intersections

In this sectionR = Q=(I1 + I,) is a minimal intersection with R; = Q=I; and
R, = Q=l,. We can still achieve nontrivial vanishing over minimal intersections,
without the assumptionthat R; and R, are Cohen-Macauly.

Theorem 7.1. Let R be a minimal intersection, M © any su ciently high syzygy
module over R; of a nitely geneated R;-module, and N any su ciently high
syzygymodule over R, of a nitely geneated Rp,-module. Thenfor M = M% ¢, R

andN = N° R, R we haveToriR(M;N) = 0 for all i 0. Moreover, pdg M =

pdz, M%and pdg N = pdg, N°.

Proof. Let N%peany nitely generatedR,-module. SinceQ is a regular local ring
we have Tor?(R1;N% = Oforall i 0. Take an exact sequenced! NO°!' RY!
N1 0. Then from the derived long exact sequenceof Tor

I Tor(Ri;N9 ! Tor®(Ry;R3) ! TorP(Ri;N% 1

and the fact that TOriQ(R]_;Rz) = 0 for all i 1, we have the isomorphisms
Tor2, (R1;N% = Tor?(Ry;N9 for all i 1. Thusif N%is a sucien tly high
syzygy over Ry, we may assumethat

(7.1.1) Tor?(R;;NY =0 foralli 1

SinceR has nite projective dimension over Ry, by choosing a su cien tly high
syzygy M % over R; we can assumethat

(7.1.2) Torff*(M%R)=0 foralli 1

By 7.1.1we can apply 3.1with A= Q, B = Ry, X = N%and Y = M%to get
TorP(M%N9Y = TorR*(M%N). Also, by 7.1.2, we can apply 3.1 with A = Ry,
B=R,X=M%ndY = N to get Torf*(M%N) = Tor?(M;N). Putting these
isomorphismstogether, we have

TorR(M;N) = TorR*(M%N) = Tor?(M%N9Y = 0

foralli 0. This establishesthe claim about the vanishing of homology.

To seethe statemerts regarding the projective dimensionsof M and N, note that
by 7.1.2a minimal free resolution of M over R is obtained by tensoring a minimal
free resolution of M ® over Ry with R. Thus pdg M = pdg, M % By symmetry we
have pdg N = pdg, N°

Theorem 7.2. Let R be a minimal intersection, M © any su ciently high syzygy
module over R; of a nitely geneated R;-module, and N any su ciently high
cosyzygymodule over R, of a nitely geneated Rp-module. Thenfor M = M ° g,R
and N = Homg(R1;N9 we have Extg(M;N) = 0 for all i 0. Moreover,
pdz M = pdg, M%andidg N = idg, N
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Proof. Let N %be an Rp-module. SinceQ is aregular local ring, Ext(R1;N% = 0
foralli 0. LetO! NO%!I | I N9 0 bean exact sequenceof R,-modules
with | injective. Then we have the long exact sequenceof cohomology

I Exto(Ri;N% ! Extg(Ra;l)! Extg(Ri;N9!

Sincel is an injective Ry-module, it is a direct sum of injective hulls Er, (R2=p)
of quotients R,=p with p a prime ideal of R,. If P is a prime ideal of Q which
is a preimage of p, then Egr,(R2=p) = Homg(R2; Eq(Q=P)), where Eq(Q=P)
is the injective hull of Q=P. Thus we can write | = Homg(R2;J ) whereJ is
an injective Q-module. We have the isomorphisms ExtiQ(Rl; Homg (R2;J)) =

HomQ(ToriQ_(Rl; R2);J ) for all i (see,for example, page 360 of [17]). Therefore
we have Ext'Q(Rl; I)=0foralli 1,andsofrom the long exact sequenceof Ext
we get

Exto(R1;N9 = Extg® (R1;N%
foralli 1. Now it is clearthat we canreplaceN by an R,-module N ° such that
(7.2.1) Exto(Ri;N9 =0 foralli 1.

As in the proof of Theorem 7.1, we can choosea nitely generatedR;-module
M % such that

(7.2.2) Torff*(M%R) =0 foralli 1
By 7.2.1and 3.1 we have the isomorphisms
Exto(M%N9 = Extk, (M%Homg(R1;N9)
forall i. By 7.2.2and 3.1,
Extk,(M%Homg(R1;N9) = ExtR(M° g, R;Homg(R1;N9)
for all i. Therefore we have
Extg (M;N) = Extg, (M%N) = Exto(M%EN9 = 0

foralli 0, whereM = M?% g, R and N = Homg(R1;N9. Hencewe have
vanishing cohomology

We know from the proof of Theorem 7.1 that pdg M = pdg, M O Therefore to
nish the proof we just needto justify that idg N = idg, N SinceToriQ(Rl; R»y) =
Oforalli 1, by 3.1 we have Exty(R1;N9 = Extg,(R;N9 for all i. Then by
7.2.1 we get ExtiRz(R; NO = 0 for all i 1. Thus, by 3.1, a minimal injective
resolution of N over R is obtained by applying Homg, (R; ) to a minimal injective
resolution of N° over R,. Finally, by 2.1 we seethat N = Homg,(R;N9, and so
idR N = idR2 NO.

Remark. It isclearfrom the proofsof 7.1and 7.2that the vanishing ofToriR (M;N)
in 7.1and Ext}(M;N) in 7.2 begin no later than dim Q.
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8. Examples and a Sufficient  Condition

The following is an exampleillustrating that non-trivial vanishing can occur over
rings which are not minimal intersections.

Example 8.1. Let Q = K[[w;X;y;z]] wherek is a eld, and
R = Q=(W?;x%; 2%, xy; wx + xz;wy + yz;y> wz):
Then one may ched that R is a zero-dimensionallocal ring with Pg(t) =1+ 7t+

13t2 + 10t3 + 3t*. According to 2.6, R is not a minimal intersection. Consider the
nitely generated R-modules M = coker' , where' is represeried with respect

to the standard basis of R? by the matrix V;,I ); ,and N = R Then we have
Exth (M;N) = 0for all i > 0. Moreover, pds M = 1 ,andidg N = 1 .

The following example shows that 4.2 doesnot describe the only way nontrivial
vanishing occurs over complete intersections. the details of the exampleare proven
in [13].

Then R is a codimensiontwo complete intersection. Let x; denotethe image of X;
in R, and M be the cokernel of the map' : R®! R® represertied with respect to

the standard basisoof R® by the matrix 1

X1 0 0 X5 0 0 0 X4
X2 0 X5 0 0O 0 x4 O
0 0 X1 X2 0 Xa 0 0
0 0 0 X2 X4 0 0 O
0 X1 0 X3 0 0 0 0
0 X2 X3 0 0O 0 O O
0 Xq 0 0 0O 0 O O
X3 X5 0 0 0O 0 0 O

For N = R=(x1), wehave Tor¥(M;N) = Oforalln 1. Moreover, M is not of the
form describedin 4.2. That is, for no minimal generatorf of (X 1X2;X3X},) is there
a maximal Cohen-Macaulay Ry = Q=(f )-module M ®such that M = M°% g, R.

A Sucien t Condition. Let R = Q=(I; + |;) be a minimal intersection, and
R: = Q=l1, Ry = Q=l,. In this sectionwe discussa su cien t condition for deter-
mining whether a nitely generatedR-module M has a syzygy over R of the form
MO & R for someR;-module M %of in nite projective dimensionover R satisfying
ToriRl(M %R)=0foralli 1, and henceof the form identied in Theorem 7.1.
Let
F: 1R ®F %Rt MIoO

be a minimal R-free resolution of M. Choosea sequenceof free Q-modules I§ and
maps @& betweenthem

e 1 ®e e o
suct that F and F o R areisomorphic complexes. |t is usefulto think of the maps
@ as being given by matrices over R (with respect to some xed basesof the F;),

in which casethe maps & may be thought of as matrices of preimagesin Q of the
entries of the matrices represerting the @. SinceF is a complex of R-modules we
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have @ 1& O modulo |1+ I, in other words (& 1 o R)(& o R) = 0. For the
su cien t condition given below we will be consideringthe sequence®f maps

(8.2.1) B oR TV B, or T Y B, oR
Forj=12andi 2.

Prop osition 8.3. Let M be a nitely genemted R-module of in nite projective
dimension over R, and suppse (F; & is somelifting to Q of an R-free resolution
(F; @ of M. If the seguene of maps8.2.1 forms an exact sgquene for somei 2,
then M has a syzygyover R of the form M° o R; where M?is an R; module
satisfying TorlRj (M%R) = 0foralll 1, andheneM participatesin a non-trivial
vanishing of all higher Tor.

Proof. Without lossof generality assumethat j = 1, and that 8.2.1forms an exact
sequencedor xed i 2. Let M? , := coker(® 1 Ri). Then

B oRIZT B, R B, oR.! MO, O
is the beginning of an R;-freeresolution of M ? ,. Tensoringthis complexwith R we

getF; @ Fi 1 @! "'F; », which is exact. This meansthat TorlRl(MiO 57 R) = 0. By
3.1we have Torf (M2 ,;R) = Tor?(M? ,;Ry) for all | 1. Therefore, by rigidit y
of Tor for regular local rings, TorlRl(MiO . R)=0forall | 1. This nishes the
proof, sinceM? , r, R = coker@ 1 is a syzygyof M over R.

Remark. Supposej = 1. If I, happensto be generatedby a Q-regular sequence,
then we a priori only needto know that the sequenceof mapsin 8.2.1with j = 1

forms a complex in order to invoke the conclusion of Proposition 8.3. For if 8.2.1
forms a complexwith j = 1, and |, is generatedby a Q-regular sequencethen this

sequenceds also regular on Ry, and by working our way inductively from R up to

R1, Nakayama's lemma yields that 8.2.1is exact.

Next we give examplesusing Macaulay 2 which illustrate Proposition 8.3. We
rst discussa few details of the liftings (F; &, and de ne special maps basedon
the notion of Eiserbud operators, which were dewveloped in [6] for nitely generated
modules over a complete intersection.

nonzero,wehavel r ¢ 1.) Sincethe products & 1@ arezeromodulo |1+ I,
we may expressthem in terms of the f;: write

X
(8.3.1) @ .8= fi&;;
j=1
wherethe €; aremaps€; : & ! [ ,. Note that these maps are not uniquely

de ned. They depend rst on the resolution F, then on the lifting (F; &, and then
on the choice of the expressionin 8.3.1.
In investigating when the sequenceB.2.1

B oR "V B orR %Y B, oR
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is exact, we proceedin two steps. First we needto know when it forms a complex.
For j = 1 this is implied by the condition

(8.3.2) g;r +1 Rl = = g;c Rl = O,
and for j = 2 the condition
(833) ﬁ; 1 R2 = = ﬁ;r R2 =0:

Once we know conditions 8.3.2 or 8.3.3 hold, we compute the homology of the
corresponding complex 8.2.1to seethat it is zero.

In the following examples, we perform both steps using Macaulay 2. For the
rst step we use a special script, which can be obtained from the authors, called
getEisoplist ~ which computesthe maps§; and storesthem asa list of lists called
Eisoplist . Becausethe internal indexing used by Macaulay 2 starts at 0, the
elemern Eisoplist#i#j actually represens the map §.,;+1 . The code may also
compute the Eiserbud operators, which are the mapst;; = € ¢ R dened in [6]
in the casewhere R is a complete intersection.

The input for this script is a chain complex and an integer. Presumably, the
chain complexis a free resolution (F; @ over R of the module M, and this may be
obtained simply by using the res command in Macaulay 2. The integer tells the
script up to what degreei the maps €; should be computed. The lifting (F; & of
the given resolution (F; @ of is donein the script using the Macaulay 2 command
lift . Finally, the choice of the &; de ned by expression(12) is decidedin the
script using the //lgb command in Macaulay 2, where Igb is a Grebner basis of

Example 8.4. Let Q = Q[x;y;z] and R = Q=I, where

| := (x? yz;xz  y%z% xy;x®+ yz):
Then R is a zero-dimensionalminimal intersection, and the R-module M = R=(x +
y + z) participates in non-trivial vanishing of all higher Tor.

We rst load the script getEisoplist |, then show that R is in fact an minimal
intersection by testing Tor?(Qzll; Q=l,) = 0, then exhibit a minimal resolution of
M, shawing that it hasin nite projective dimension over R.

il : load"getEisoplist. m2"
--loaded getEisoplist. m2

i2 1 Q= QQIxy.z;

i3 1 | = ideal(x"2-y*z,x*z-y"2,z"2-x*y x"2+y*z);

03 : Ideal of Q

i4 : Tor_1(coker matrix{{x"2-y*z,x*z-y"2,z"2-x*y}},coker matrix{{x"2+y*z}}) =0
04 = true

5 : R= QI

o5 =R

05 : QuotientRing

i6 : M= coker matrix{{x+y+z}}

06 = cokernel | x+y+z |
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1

06 : R-module, quotient of R

i7 : Mres = res(M,LengthLimit=>6)

1 1 2 4 8 16 32
07=R <- R <- R <- R <- R <- R <- R

0 1 2 3 4 5 6

07 : ChainComplex

Now we compute the maps &; . What is shown is f€.1;&.5;6:3;€.49. Notice
that €., = 0, and soit is alsozeromodulo 1.
i8 : MEisoplist = getEisoplist(Mres,2)
o8={{2}y |01} {22 |10 {22 ]-1-1] 0}

08 : List
The next step is ched that the homology of the complex

B, oR1 2T B QR ER B oR

is zero (although we do not really needthis step, by the remark following Proposi-
tion 8.3, sincel, = (x? + yz) is generatedby a regular elemer). First we needto
de ne the ring Rj.

i9 : use Q

09=0Q

09 : PolynomialRing

i10 : R1 = Qfideal(x"2-y*z,x*z-y"2,z"2-x*y)

010 = R1

010 : QuotientRing

i11 : homology(lift(Mres.dd_1,Q) ** R1,lift(Mres.dd_2,Q) ¥ R1) == 0
01l = true

Therefore, by Proposition 8.3, M participates in non-trivial vanishing.
We can build a companion module N for M as per Theorem 7.1, which yield

non-trivial vanishing of all higher Torf(M;N). The steps below are: de ne Ry,
resolve the residue eld over this ring, take an appropriate syzygy, and tensor this
syzygy down to the ring R.

i12 : use Q;

i13 : R2 = Qlideal(x"2+y*z)

013 = R2

013 : QuotientRing

il4 : Ntres = res coker vars R2

1 3 4 4 4
014 = R2 <- R2 <- R2 <- R2 <- R2

0 1 2 3 4
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014 : ChainComplex

i15 : N = (coker lift(Ntres.dd_3,Q)) ** R

015 = cokernel {2} | x z 0 x |
26| -y x0-y |

{2 | z 0x0 |

2210 zyx |

4

015 : R-module, quotient of R

The beginning of a minimal resolution of N over R is givento show that pdg N

1 . Afterwardswe computef€.1;8.2;6.3;6.4gfor N. Note that €.1 = 6.2 = &3
0

i16 : Nres = res(N,LengthLimit=>6)

4 4 4 4 4 4 4
016 =R <- R <- R <- R <= R <- R <- R

0 1 2 3 4 5 6
016 : ChainComplex
i17 : NEisoplist = getEisoplist(Nres,2)

017 = {{0, 0, 0, {2}

017 : List

Finally, we compute the homology of the corresponding complexto shaw that it
is zero. We also show that indeedthe rst sewral Tor?(M;N) are zero.
i18 : homology(lift(Nres.dd_1,Q) ** R2,lift(Nres.dd_2,Q) ** R2) ==0
018 = true
i19 : Tor_1(M,N)==0,Tor_2(M,N)==0,Tor_3(M,N)==0
019 = (true, true, true)

019 : Sequence

Example 8.5. Let Q = QJu;Vv;w;X;YVy;z] and R = Q=I, where

2 2ux + x%;

| = (U VX;UW UZ WX+ XZ;vw Vvz;u? v
vi ow?+ 2wz z%xy  vx;xz;yz vz,
2

X2 y2+2vy VAV +y? o 2vy  Z2):

Then R is a zero-dimensionalGorenstein minimal intersection.

i20 : Q= QQ[u,v,w,x,y,z];

i21 @ | = ideal(U*V-v*X,U*W-U*Z-W*X+X*Z,V*W-V*Z,u2-vA2-2*U*x+X"2 NVA2-WA2 +2*W*Z-Z 12,
X}Y-V*X,X*Z,Y*Z-V*Z XN 2-yN2+2*vry-y2 v\ 2 +yN2-2%y *y-z72);

021 : Ideal of Q

If welet |1 be generatedby the rst v e generatorsof | and |, generatedby the
second v e, then we exhibit that R is an minimal intersection.



16 DAVID A. JORGENSEN AND W. FRANK MOORE

i22 : Tor_1(coker matrix{{

URV=VX, URW-U*Z-WHX+X*Z, VFW-V*Z, UN2-VA2- 2% U*X+X "2,V 2 -WA2+2*0WFz-z2}}
coker matrix{{
XRY-VAX,X*Z,Y*Z-VAZ, XN 2-y N2+ 2RV *y -y 2 VA2+y N 2-2% vy -2 "2 ==

022 = true

The last map in the following resolution of I over Q shows that in fact R is
Gorenstein.

i23 : C=res |
1 10 35 52 35 10 1
023=Q <- Q <- Q <-0Q <-Q <-Q <-0Q<«<-0
0 1 2 3 4 5 6 7

023 : ChainComplex
i24 : ideal transpose C.dd_6 ==1

024 = true

Next we identify a module M which participates in non-trivial vanishing. We
compute the §; for M and shaw that €6 = €7 = &, = ;9 = ;10 = 0. Then we
show that the corresponding complex

B, oR1 2 E R ®ER B oR
has zero homology.

i25 : R=0Qll;
i26 : M= coker matrix{{u-x,v,w-z}};
i27 : Mres = res(M,LengthLimit=>6)

1 3 8 21 55 144 377
027=R <- R <- R <- R <- R <- R <- R

0 1 2 3 4 5 6
026 : ChainComplex
i28 : tM = getEisoplist(Mres,?2);
i29 : tM#0#5,tM#0#6,tM#0#7 tM#0#8,tM#0#9
029 =(0, 0, 0, 0, 0)
029 : Sequence
i30 : use Q;

i31 : R1 = Qfideal(u*v-v*X,u*W-U*z-W*X+X*z V*W-v*z,
UN2-VN2-2%U*X+XN2, VN 2-WN2+2*W*Z-2/\2);

i32 : homology(lift((Mres.dd_1,Q) ** R1,lift(Mres.dd_2,Q) ** R1) ==0
032 = true
Now we identify a companion module N for M sud that the pair has non-

trivial vanishing of all higher Tor. We compute the §; for N and show that

€.1= 6= 863=64= 5= 0. Then we show that the corresponding complex
has zero homology.



i33

i34 :

i35 :

035

035 :
i36 :

i37

037

037 :

i38

i39 :

i40

040
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. use R;
N = coker matrix{{x,y-v,z}};

Nres = res(N,LengthLimit=>6)

1 3 8 21 55 144 377
=R <- R <- R <- R <- R <- R <- R

0 1 2 3 4 5 6

ChainComplex

tN = getEisoplist(Nres,2);

tN#O#0,INH#O# 1, N#0#2,tN#0#3,tIN#0#4

=, 0, 0, 0, 0)

Sequence

use Q;

R2 = Qlideal(x*y-v*X,x*z,y*z-v*z,x"2-y"2+2*v*y-v2 v \2+y"2- 2*v*ry-zN 2);
homology(lift(Mres.dd_1,Q) ** R2,lift(Mres.dd_2,Q) ** R2) ==0

= true

Finally, we computethe rst few Tors, and then following Theorem 6.1, we show

that the rst few Extg (M;Homg(N;R)) vanish.

i41

041

041 :

i42

042

042 :

i43

043

043 :

(1]
(2]
(3]
(4]
(5]
6]

: Tor_1(M,N) == 0,Tor_2(M,N) == 0,Tor_3(M,N) ==0
= (true, true, true)
Sequence

Hom(N,R)

image | z2 |

1
R-module, submodule of R

Ext*1(M,Hom(N,R)) == 0,Ext*2(M,Hom(N,R)) == 0,Ext*3(M,Hom(N,R)) ==0
= (true, true, true)

Sequence

References

M. Auslander, Modules over unramie d regular local rings, lllinois J. Math. 5 (1961), 631{
647.

L. L. Avramov, Modules of nite virtual projective dimension, Invent. Math. 96 (1989),
71{101.

T. Araya, Y. Yoshino, Remarks on a depth formula, a grade inequality and a conjecture of
Auslander, Comm. Algebra 26 (1998), 3793{3806.

L. L. Avramov, R.-O. Buchweitz, Support varieties and cohomology over complete intersec-
tions, Invent. Math. 142 (2000), 285{318.

W. Bruns, J. Herzog, Cohen-Macaulay rings, Revised edition, Cambridge Studies Adv. Math.
39, Cambridge Univ ersity Press, Cambridge, 1998.

D. Eisenbud, Homological algebra on a complete intersection, with an application to group
representations, Trans. Amer. Math. Soc. 260 (1980), 35{64.



18 DAVID A. JORGENSEN AND W. FRANK MOORE

[7] C. Huneke, Strongly Cohen-Macaulay schemes and residual intersections, Trans. Amer.
Math. Soc. 277, Number 2 (1983) 739{763
[8] C. Huneke and D. A. Jorgensen, Symmetry in the vanishing of Ext over Gorenstein rings,
Math. Scand. (to appear)
[9] C. Huneke and R. Wiegand, Tensor products of modules and the rigidity of Tor, Math. Ann.
299 (1994), 449{476
[10] D. A. Jorgensen, A generalization of the Auslander-Buchsbaum formula, J. Pure Appl. Al-
gebra 144 (1999), 145{155
[11] D. A. Jorgensen, Complexity and Tor on a complete intersection, J. Algebra 211 (1999),
578{598
[12] D. A. Jorgensen, Tor and torsion on a complete intersection, J. Algebra 195 (1997), 526{537
[13] D. A. Jorgensen, Vanishing of Tor on a complete intersection, Ph.D. Thesis, Univ ersity of
Nebraska-Lincoln (1996).
[14] D. A. Jorgensen, On tensor products of rings and extension conjectures, J. Comm. Alg. (to
appear).
[15] D. A. Jorgensen and L. M. Sega, Nonvanishing cohomology and classes of Gorenstein rings,
Adv. Math. 188 (2004), 470{490.
[16] S. Lichtenbaum, On the vanishing of Tor in regular local rings, lllinois J. Math. 10 (1966)
166, 220{226.
[17] J. Rotman, An intr oduction to homological algebra, Academic Press, New York, 1979.
[18] L. M. Sega, Vanishing of cohomology over Gorenstein rings of small codimension, Proc.
Amer. Math. Soc. (to appear).

Depar tment of Mathematics, University of Texas at Arlington,  Arlington, TX 76019
E-mail address: djorgens@uta.edu

Depar tment of Mathema tics, University of Nebraska, Lincoln, NE 68588
E-mail address. s-wmoore3@math.unl.edu



