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Abstract. We show that for a finitely generated module M over a complete
intersection R, the vanishing of Exti

R
(M, M) for a certain number of consec-

utive values of i starting at n forces the projective dimension of M to be at
most n − 1. In particular, Ext2

R
(M, M) = 0 if and only if the projective di-

mension of M over R is at most one. We also verify a conjecture of Auslander
and Reiten for modules over commutative rings with certain typical behaviors,
which augments the recent literature.

Introduction

In this paper we study the relationship between the vanishing of Ext i
R (M ; M )

for various consecutive values of i , and the projective dimension of M . We do so
when R is a commutativ e noetherian ring.

In Section One we discussa certain spectral sequencethat allows one to relate
Ext and Tor for modules over an arbitrary commutativ e ring. The results of this
section are usedthroughout the rest of the paper.

In Section Two we extend a result of Jothilingam [15], and show that over a
codimensionc completeintersection R, Ext i

R (M ; M ) = 0 for c+ 1 consecutivevalues
of i starting at n forces the projective dimension of M to be at most n − 1. We
moreover show that Ext 2

R (M ; M ) = 0 (a single Ext vanishing ) forcespdR M ≤ 1.
In Section Three we verify for certain modules over commutativ e noetherian

rings a conjecture of Auslander and Reiten [7] which proposesthat the vanishing
of Ext i

R (M ; M ⊕ R) for all i > 0 characterizes projective modules. See[5, 1.9]
for the commutativ e version dealt with below. While in somecasesthe validit y of
the conjecture is known, our proofs are new and give additional perspective to the
conjecture.

1. Relating Ext and Tor

In this section we discuss the spectral sequenceassociated to a natural �rst
quadrant bicomplex which exploits the fact that over a commutativ e ring A, the
cohomologymodules Ext A (X ; Y ) can be computed by taking homology after ap-
plying either HomA (−; Y ) or Hom(−; A) ⊗A Y to a free resolution of X . We make
useof theseresults in the rest of the paper.
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The 4-term exact sequenceskey to the proofs in [15] are from [1], and turn
out to be the �rst four terms of the 5-term exact sequencesfrom our spectral
sequence.(See[10, Proposition 3.6] where the existenceof such a spectral sequence
is mentioned, but not explicitly given).

Let A be a commutativ e noetherian ring, X a �nitely generatedA-module, and

F : · · · → F2
d2−→ F1

d1−→ F0 → 0

a projective resolution of X , that is, H(F ) = H0(F ) ∼= X . We de�ne for n ≥ 0

Dn X = coker(F �
n

d�
n +1

−−−→ F �
n+1):

Of courseour de�nition of Dn X dependson the resolution chosen. However, when
A is local and the resolution is chosenminimal, then Dn X is de�ned uniquely up
to isomorphism. Note that in this caseDn X = Dn � i 
 i X for 0 ≤ i ≤ n, where 
 i X
denotesthe i th syzygy module in a minimal free resolution of X .

Now let Y be a �nitely generatedmodule over the ring A, and

G : · · · → G2 → G1 → G0 → 0

a projective resolution of Y over A. Reindexing the complex

Dn F : 0 → F �
0

d�
1−→ F �

1

d�
2−→ · · ·

d�
n +1

−−−→ F �
n+1

by (Dn F ) i = F �
n � i +1 we form the �rst quadrant bicomplex (Dn F ) ⊗A G. The E 2

terms corresponding to the �ltration of (Dn F ) ⊗A G by columns are E 2
p;q = 0 if

q > 0, and E 2
p;0 = Ext n � p+1

A (X ; Y ) for p > 0. It follows that

Hi (Tot((D n F ) ⊗A G)) ∼= Ext n � i +1
R (X ; Y)

for i > 0.
By �ltering (Dn F ) ⊗A G along rows we get E 2

p;q = TorA
p (Ext n � q+1

A (X ; A); Y ) if
q > 0, and E 2

p;0 = TorA
p (Dn X ; Y). We now summarizethe relevant information.

1.1. For all n ≥ 0 there exists a �rst quadrant spectral sequence

E 2
p;q ⇒

p
Ext n � p� q+1

A (X ; Y);

where

E 2
p;q =

{
TorA

p (Dn X ; Y) if q = 0

TorA
p (Ext n � q+1

A (X ; A); Y ) if q > 0.

1.1.1. In particular, we have for all n ≥ 0 the 5-term exact sequences

Ext n � 1
A (X ; Y ) → TorA

2 (Dn X ; Y) →

Ext n
A (X ; A) ⊗A Y → Ext n

A (X ; Y) → TorA
1 (Dn X ; Y) → 0:

1.1.2. If E 2
p;q = 0 except for rows q = 0 and q = t with 0 < t ≤ n + 1, we have

long exact sequences

· · · → Ext n � i +1
A (X ; Y) → TorA

i (Dn X ; Y) →

TorA
i � t � 1(Ext n � t+1

A (X ; A); Y ) → Ext n � i +2
A (X ; Y) → · · ·

When t = n + 1 and i = n + 2, the homomorphism above,

HomA (X ; A) ⊗A Y → HomA (X ; Y );
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is the natural homomorphism given by f ⊗ y 7→ {x 7→ f (x)y}.

1.1.3. If E 2
p;q = 0 except for row q = 0, then we have isomorphisms

Ext i
A (X ; Y ) ∼= TorA

n � i +1(Dn X ; Y)

for 0 ≤ i ≤ n.

The only statement that needssomejusti�cation is 1.1.2. The existenceof the
long exact sequenceis a standard exercise, see, for example [20, Exercise 4, p.
332]. The secondstatement follows by checking the natural maps in the long exact
sequence(cf. loc. cit.) together with the natural isomorphisms comparing the
homology of HomA (F; A) ⊗A Y with that of HomA (F; Y ).

2. Over complete intersections

Recall that a local noetherian ring (R; m) is a complete intersection if its comple-
tion in the m-adic topology is the quotient of a regular local ring Q by a Q-regular
sequencex = x1; : : : ; xc contained in the maximal ideal of Q. If x is contained in
the squareof the maximal ideal of Q, then R has codimension c.

We say that a �nitely generatedR-module M is Tor-rigid if for all �nitely gen-
erated R-modulesN , TorR

i (M ; N ) = 0 for somei > 0 implies that TorR
j (M ; N ) = 0

for all j ≥ i . The following is a generalization of a result of Jothilingam [15], his
result being the c = 0 caseunder the additional hypothesisthat R is a regular local
ring (over which all �nitely generatedmodules are Tor-rigid [2],[18]).

Theorem 2.1. Let M be a finitely generated Tor-rigid module over a commutative
local ring R. Suppose x is an R-sequence of length c ≥ 0 such that (x)M = 0.
Then

Ext i
R= (x)(M ; M ) = 0 for n ≤ i ≤ n + c

if and only if pdR= (x) M < n.

Proof. We can assumethat M 6= 0. We induct on c.
When c = 0 we have (x) = (0), and the statement reducesto

(2.1.1) Ext n
R (M ; M ) = 0 if and only if pdR M < n:

Although we do not assumeR is regular, this caseof our proof is basically that of
[15]. From 1.1.1 we have TorR

1 (D n M ; M ) = 0. SinceM is Tor-rigid we know that
TorR

i (D n M ; M ) = 0 for all i ≥ 1. It follows from 1.1.1 again that Ext n
R (M ; R) ⊗R

M = 0. Sincewe are assumingM 6= 0, we must have Ext n
R (M ; R) = 0. Thus for a

free resolution
F : · · · → F2

d2−→ F1
d1−→ F0 → 0

of M we seethat kerd�
n+1 = im d�

n in the dual sequenceHomR (F; R). We therefore
have the short exact sequence0 → im d�

n → F �
n → im d�

n+1 → 0, and it follows that
D 0
 n � 1M = cokerd�

n
∼= im d�

n+1 = 
 1D n M . Therefore

TorR
1 (D 0
 n � 1M ; 
 n � 1M ) = TorR

1 (
 1D n M ; 
 n � 1M )

= TorR
n+1(D n M ; M ) = 0:

Now from 1.1.1 we see that the natural map HomR (
 n � 1M ; R) ⊗ 
 n � 1M →
HomR (
 n � 1M ; 
 n � 1M ) is surjective. This meansthat 
 n � 1M is projective (see,
for example, [3, A.1]), and thus M has projective dimension at most n − 1.
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For c > 0, write T = R=(x1; : : : ; xc� 1) and S = R=(x). Then S ∼= T=(xc), and
the change of rings spectral sequenceExt p

T (TorS
q (T; M ); M ) =⇒

p
Ext p+q

S (M ; M )

degeneratesinto a long exact sequence

· · · → Ext i
S (M ; M ) → Ext i

T (M ; M ) → Ext i � 1
S (M ; M ) → Ext i +1

S (M ; M ) → · · ·

It follows that Ext i
T (M ; M ) = 0 for all n + 1 ≤ i ≤ n + c, and by induction we

concludethat pdT M < n + 1. Thus M has �nite CI-dimension over S (see[6] for
the de�nition). Sincec > 0, the index of at least one of the Ext S

i (M ; M ) assumed
to vanish in the hypothesisis even. Now Theorem 4.2 of [4] says that pdS M < ∞,
and it follows that pdS M = pdT M − 1 < n. �

For complete intersectionswe get the following corollaries.

Corollary 2.2. Suppose that R is a codimension c complete intersection, and M
is a finitely generated R-module. Then

Ext i
R (M ; M ) = 0 for n ≤ i ≤ n + c

if and only if pdR M < n.

Proof. We have R̂ = Q=(x) with Q a complete regular local ring, and x a length c
Q-sequencecontained in the squareof the maximal ideal of Q. By faithful 
atness
of R ,→ R̂ we have

Ext i
bR
(M̂ ; M̂ ) = 0 for n ≤ i ≤ n + c:

SinceM̂ is Tor-rigid over Q, we have by 2.1, pdR M = pd bR M̂ < n. �

In special casesone can improve the results slightly:

Corollary 2.3. Suppose that R is a codimension c ≥ 1 complete intersection with

R̂ the quotient of an unramified regular local ring, and let M be a finitely generated
R-module. If c = 1 assume that either M has finite projective dimension, or finite
length. Then

Ext i
R (M ; M ) = 0 for n ≤ i ≤ n + c− 1

if and only if pdR M < n.

Proof. For c = 1, we have R̂ = Q=(x1) with Q an unrami�ed regular local ring.
The R̂-module M̂ is Tor-rigid if either pd bR M̂ < ∞, by [18, Theorem 3], or if it
has �nite length, by [12, 2.4]. Thus the \ c = 0" case2.1.1 of 2.1 gives the desired
conclusion.

For c > 1, we have Ext i
R (M ; M ) = 0 for somei even. By [4, 4.2] M then has

�nite projective dimension over R, and therefore M̂ has the sameover R̂, and so
too over Q=(x1). Thus M̂ is Tor-rigid over Q=(x1), and the result follows from
2.1. �

Lifting. Supposethat R is the homomorphic imageof a noetherian ring Q. Recall
that a �nitely generatedR-module M is said to lift from R to Q if there exists a
�nitely generatedQ-module M 0 such that M ∼= M 0⊗Q R and TorQ

i (M 0; R) = 0 for
all i > 0. \What seemsto be folklore to the deformation theorist," and proved in
[5] is if Q is an algebra over a commutativ e complete local ring P with maximal
ideal p and R is the quotient of Q by a Q-regular sequencecontained in p, then the
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non-trivialit y of classesin Ext 2
R (M ; M ) are the obstructions to lifting M to Q, and

thus M has a lifting M 0 to Q whenever Ext 2
R (M ; M ) = 0.

Due to the importance of the question of lifting, it seemsworthwhile to have
some information on the vanishing of Ext 2

R (M ; M ) in basic situations to which
the conclusionsof [5] apply. One such situation is when the ring R is a complete
intersection. The following results show that here the vanishing of Ext 2

R (M ; M )
can only occur if M has projective dimension at most 1. Thus the condition of the
entiret y of the group Ext 2

R (M ; M ) vanishing in determining lifting in this situation
is quite coarse, for liftable modules with projective dimension at least two are
abundant (provided the dimension of R is at least two).

We needanother extensionof the result from [15].

Lemma 2.4. Let M be a finitely generated Tor-rigid module over a commutative
local ring R. Suppose x is both an R-sequence and an M -sequence of length c ≥ 0.
Then

Ext n
R= (x)(M =(x)M ; M =(x)M ) = 0 for some n > 0

if and only if pdR= (x) M =(x)M < n.

Proof. Weclaim that M =(x)M is a Tor-rigid R=(x)-module. By induction it su�ces
to consider the c = 1 case.

Sincex = x1 is regular on M , we have for any �nitely generatedR=(x)-module
N the following standard isomorphisms

TorR= (x )
i (M =xM ; N ) ∼= TorR

i (M ; N ) for all i :

SinceM is Tor-rigid as an R-module, the claim follows easily.
The lemma is now just the \c=0" case2.1.1 of 2.1. �

Prop osition 2.5. Let M be a finitely generated module over a complete intersec-
tion R. Then Ext 2

R (M ; M ) = 0 if and only if pdR M ≤ 1, and Ext 1
R (M ; M ) =

Ext 2
R (M ; M ) = 0 if and only if M is free.

Proof. We have R̂ = Q=(x) where Q is a complete regular local ring, and x is a Q-
regular sequencecontained in the squareof the maximal ideal of Q. By the faithful

atness of R ,→ R̂, we have Ext i

R (M ; M ) = 0 if and only if Ext i
bR (M̂ ; M̂ ) = 0,

and pdR M = pd bR M̂ . Thus by hypothesis, Ext 2
bR
(M̂ ; M̂ ) = 0. Now [5] shows

that M̂ lifts to Q with lifting M 0, say. Then x is both a Q-regular sequence
and an M 0-regular sequence,and M 0=(x)M 0 ∼= M . Now 2.4 applies to show that
pdR M = pd bR M̂ < 2. If moreover Ext 1

R (M ; M ) = 0, then pdR M = 0, in other
words, M is free. �

Remark 2.6. As is mentioned in the proof of 2.1, Theorem 4.2 of [4] shows that
for a �nitely generatedmodule M over a complete intersection R, Ext 2i

R (M ; M ) = 0
for somei > 0 implies that M has�nite projective dimensionover R. The following
well-known example (seealso [4, 4.3]) shows that the vanishing of Ext 2i +1

R (M ; M )
for somei has no such consequence.In particular, Ext 3

R (M ; M ) = 0 does not in
generalimply that pdR M < 3, or even that pdR M < ∞: let R = k[[X ; Y ]]=(X Y),
where k is a field, and M = (x). Then Ext 2i +1

R (M ; M ) = 0 for all i > 0, and
pdR M = ∞.

We would like to know if over a complete intersection, Ext 4
R (M ; M ) = 0 implies

that M has projective dimension at most three. Indeed, we ask the following:
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Question 2.7. Let M be a finitely generated module of finite projective dimension
over a complete intersection R of positive codimension. Does Ext n

R (M ; M ) = 0
imply that pdR M < n?

Examining the proof of 2.1, a counterexample to this question would alsoyield a
(rather special) counterexample to rigidit y of Tor for a module of �nite projective
dimension over a complete intersection (seefor example [9]).

It is shown in [16] that for R = Q=(x) with x in the squareof the maximal ideal
of a regular local ring Q, and dim R ≥ 2, then there always exist �nitely generated
R-modules of �nite projective dimension≥ 2 which fail to lift to Q.

We summarize some of these remarks in the following diagram, for a �nitely
generatedmodule M over a complete intersection R = Q=(x), with Q a complete
regular local ring and x a Q-regular sequencecontained in the squareof the maximal
ideal of Q.

pdR M ≤ 1 ⇐⇒ Ext 2(M ; M ) = 0

��

KS

−

M lifts to Q

��

KS

−

pdR M < ∞ ⇐⇒ Ext 2i
R (M ; M ) = 0 for somei

��

KS

−

Ext 2i +1
R (M ; M ) = 0 for somei

3. On the Auslander-Reiten Conjecture

In this section we let R be a commutativ e noetherian ring. The Auslander-
Reiten Conjecture (in the commutativ e case)statesthat for every �nitely generated
R-module M ,

Ext i
R (M ; M ⊕ R) = 0 for all i > 0 if and only if M is projective.

In some caseswhere the Auslander-Reiten Conjecture is known to hold, for ex-
ample, when the ring is a complete intersection [5, 1.9], or more generally, when
the modules have �nite complete intersection dimension [4, 4.2], the modules M
satisfy the following property: there exists a positive integer nM such that for all
�nitely generatedR-modules N , TorR

j (M ; N ) = 0 for i ≤ j ≤ i + nM implies that
TorR

j (M ; N ) = 0 for all j ≥ i . In other words, if nM + 1 consecutive TorR (M ; N )
vanish, then all subsequent TorR (M ; N ) do aswell. We show that this weaker rigid-
it y condition is enoughfor the Auslander-Reiten Conjecture to hold. (See[11, 3.6]
for examplesof rigidit y for modulesof non-�nite complete intersection dimension.)

The proof of the following is immediate from the exact sequences1.1.2 for t =
n + 1.

Prop osition 3.1. Let R be a commutative noetherian ring, and M a finitely gener-
ated R-module. Fix n ≥ 1, and suppose that Ext i

R (M ; M ⊕R) = 0 for all 1 ≤ i ≤ n.
Then we have

(1) TorR
i (Dn M ; M ) = 0 for 1 ≤ i ≤ n,
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(2) and an exact sequence

0 → TorR
n+2(D n M ; M ) → HomR (M ; R) ⊗R M →

HomR (M ; M ) → TorR
n+1(D n M ; M ) → 0;

where the middle homomorphism is the natural one.

The following is like the results of Section Two, but we must assumesome
additional Ext R (M ; R) vanishing.

Corollary 3.2. Suppose that R is a commutative noetherian ring and M a finitely
generated R-module for which there exists an integer nM such that for all finitely
generated R-modules N , TorR

i (M ; N ) = 0 for j ≤ i ≤ j + nM implies TorR
i (M ; N ) =

0 for all i ≥ j . Then Ext i
R (M ; M ⊕ R) = 0 for 1 ≤ i ≤ nM + 1 if and only if M is

projective. In particular, the Auslander-Reiten Conjecture holds for M .

Proof. Suppose that Ext i (M ; M ⊕ R) = 0 for all 1 ≤ i ≤ nM + 1. Then from
Proposition 3.1, we have TorR

i (Dn M +1M ; M ) = 0 for 1 ≤ i ≤ nM + 1. By assump-
tion then TorR

n M +2(Dn M +1M ; M ) = 0. The exact sequencein 3.1(2) now shows
that the natural map HomR (M ; R) ⊗R M → HomR (M ; M ) is onto, and thus M is
projective. �

For somerings R the condition Ext i
R (M ; R) = 0 for i > 0 alone implies that M

is projective:

Prop osition 3.3. Let (R; m; k) be a local ring for which there exists an integer
d such that for every finitely generated R-module M of infinite projective dimen-
sion, one of the sequences {dimk TorR

2i (M ; k)}2i>d or {dimk TorR
2i +1(M ; k)}2i +1>d

is strictly increasing. Assume that d ≥ (depth R − 5)=2. Then for every finitely

generated R-module M we have Ext i
R (M ; R) = 0 for 1 ≤ i ≤ 2d + 5 if and only if

M is free.
Additionally, suppose that for every finitely generated R-module M the sequence

{dimk TorR
i (M ; k)}i>d is strictly increasing, then assuming d ≥ (depth R − 2)=2,

we have Ext i
R (M ; R) = 0 for 1 ≤ i ≤ 2d + 2 if and only if M is free.

Proof. From the exact sequence1.1.2with X = M , Y = k, n = 2d+ 5 and t = 2d+ 6
we have for 1 ≤ i ≤ 2d + 5 the isomorphisms

Ext 2d� i +6
R (M ; k) ∼= TorR

i (D 2d+5M ; k):

SinceExt 2d� i +6
R (M ; k) and TorR

2d� i +6(M ; k) are the samek-vector spacesfor all i ,
we have

(3.3.1) dimk TorR
2d� i +6(M ; k) = dimk TorR

i (D 2d+5M ; k)

for 1 ≤ i ≤ 2d + 5. Supposethat M has in�nite projective dimension. we claim
that then so doesD 2d+5M . Indeed, let

F : · · · → F2
d2−→ F1

d1−→ F0 → 0

be a minimal free resolution of M . Then the hypothesis on the vanishing of
Ext R (M ; R) implies that the dual sequence

F �
0

d�
1−→ F �

1 → · · · → F �
2d+5

d�
2d +6

−−−−→ F �
2d+6 → D 2d+6M → 0

is exact. Since im d�
i ⊆ m F �

i for 1 ≤ i ≤ 2d + 6, we seethat this sequenceis the
beginning of a minimal free resolution of D 2d+5M , and of length 2d + 6. Since
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2d + 6 ≥ depth R + 1, the Auslander-Buchsbaum-Serreformula says that D 2d+5M
must have in�nite projective dimension.

Now by hypothesis,on the one hand either

dimk TorR
d+1(M ; k) < dimk TorR

d+3(M ; k);

or
dimk TorR

d+2(M ; k) < dimk TorR
d+4(M ; k);

and on the other hand, also by hypothesis,either

dimk TorR
d+3(D 2d+5M ; k) < dimk TorR

d+5(D 2d+5M ; k);

or
dimk TorR

d+2(D 2d+5M ; k) < dimk TorR
d+4(D 2d+5M ; k):

But now in view of 3.3.1, this is a contradiction. Therefore M has �nite projective
dimension over R. In this caseit is well-known that Ext pdR M

R (M ; R) 6= 0 (see,for
example, [14, 2.6]), and so by the assumption on the vanishing of Ext i

R (M ; R) for
1 ≤ i ≤ 2d + 5, and d ≥ (depth R − 5)=2, we must have pdR M = 0, that is, M is
free.

The proof of the last statement is now clear. �

We give somee�ectiv e results for speci�c rings, which add perspective to known
results for the cases(1) (cf. [17, 1.4]), and (2) (cf. [13, 4.1]), below.

Corollary 3.4. Let (R; m; k) be a local ring for which one of the following holds:

(1) R is Golod, and d = 2� (m);
(2) m3 = 0 with dimk m2 > dimk m =m2, and d ≥ 1.
(3) R = Q=n J , where (Q; n) is a local ring, J is a non-zero ideal of Q, and

d ≥ (depth R − 5)=2.

Then for every finitely generated R-module M we have Ext i
R (M ; R) = 0 for all

1 ≤ i ≤ 2d + 2 (with 2d + 2 replaced by 2d + 5 in case (3)) implies that R is
free. In particular, the Auslander-Reiten conjecture holds for all finitely generated
R-modules.

Proof. For case (1), Peeva shows in [21, Proposition 5] that for i ≥ 2� (m) the
sequence{dimk TorR

i (M ; k)} is strictly increasing.
Lescot shows in [19, Theorem B] that the sequence{dimk TorR

i (M ; k)}i � 1 is
strictly increasing in case(2). He also shows in Theorem A.2 of loc. cit. that the
sequences{dimk TorR

2i (M ; k)}i � 1 and {dimk TorR
2i +1(M ; k)}i � 0 are strictly increas-

ing in case(3). �

Finally we give a proof alternate to [13, 4.1] showing that the Auslander-Reiten
Conjecture holds for �nitely generated modules over all local rings (R; m) with
m3 = 0.

Prop osition 3.5. Let (R; m; k) be a local ring such that m3 = 0, and M a finitely

generated R-module. Then Ext R
i (M ; R) = 0 for all i > 0 and Ext i

R (M ; M ) = 0 for
two consecutive values of i > 0 imply that M is free.

Proof. We �rst remark that if m2 = 0, then it is well known that Ext i
R (M ; R) = 0

for all i > 0 if and only if M is free. therefore we can assumethat m3 = 0, m2 6= 0.
Set e = dimk m =m2 and r = dimk m2. We assumethat M is not free, equiva-

lently , has in�nite projective dimension, and derive a contradiction. The condition
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Ext i
R (M ; R) = 0 for all i > 0 implies then three things. First that e = r + 1

[8, Theorem A]; secondthat for i � 0 all dimk TorR
i (M ; k) are equal, say, to a

constant a [8, Theorem B]; and third that for all syzygies 
 j M of M , we have
Ext i

R (
 j M ; 
 j M ) ∼= Ext i
R (M ; M ) for all i > 0. The third fact allows us to replace

M by an appropriate syzygy, so that we may assumeExt i
R (M ; M ) = 0 for two con-

secutive valuesof i > 0, dimk TorR
i (M ; k) = a for all i ≥ 0, dimk TorR

i (D n M ; k) = a
for 0 ≤ i ≤ 2 and all n ≥ 0, and m2 M = 0. If we can show that consequently M
has �nite projective dimension, we will have our desiredcontradiction.

Now suppose Ext n
R (M ; M ) = Ext n � 1

R (M ; M ) = 0 for some n > 1. By 1.1.1
we seethat TorR

1 (D n M ; M ) = TorR
2 (D n M ; M ) = 0. It follows that the Poincar�e

seriesof D n M ⊗R M has the form a2 + 2a2t + 3a2t2 + · · · . On the other hand, by
[19, 3.3] and the fact that dimk TorR

0 (D n M ⊗R M ; k) = a2, the Poincar�e seriesof
D n M ⊗R M has the form a2 + (ea2 − s)t + ((e2 − e + 1)a2 − es)t2 + · · · , where
s = dimk m(D n M ⊗R M ). Comparing coe�cien ts yields the equation a2(e−2) = 0,
for which e = 2 is the only solution with a > 0. Now e = 2 means that R is a
complete intersection, and thus M has �nite projective dimension by [4, 4.2]. �
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