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Abstract

We consider the question of how minimal acyclic complexes of nitely generated free modules
arise over a commutativ e local ring. A standard construction gives that every totally re exiv e
module yields such a complex. We show that for certain rings this construction is esserially the
only method of obtaining such complexes. We also give examples of rings which admit minimal
acyclic complexes of nitely generated free modules which cannot be obtained by means of this
construction.

In tro duction

Let R be a commutativ e local Noetherian ring with maximal ideal m. An acyclic
complex of nitely generatedfree R-modulesis a complex

A A E AL AP ALY A
with A; nitely generatedand freefor eadhi, and H(A) = 0. A complexA asabove
is said to be totally acyclic or a complete resolution whenewer H(A ) = 0, where
A = Homg(A;R). Complete resolutions are important in the study of maximal
Cohen-Macaulay modules, and are usedin de ning Tate cohomology cf. Avramov
and Martsink ovsky [6] for a recert accourt and related problems. The properties
and usesof complete resolutions have been studied extensively. More recerly,
the failure of acyclic complexesof free modulesto be totally acyclic is studied by
Jorgensenand Segain [14], and, in a more general setting, by lyengarand Krause
in [13]. Structure theoremsfor acyclic complexesof nitely generatedfree modules
and the rings which admit non-trivial such complexesare given by Christensenand
Veliche [11], in the casem® = 0.

In this paper we consider the fundamenal question of how acyclic complexes
of nitely generatedfree modules arise. In order to ignore trivial instances, we
restrict our attention to minimal complexesA, which are de ned by the property
that di(A;j) mA; 1 for all i. A standard method of obtaining minimal acyclic
complexesof nitely generatedfree R-modulesis through a processof dualization,
describedin Construction 2.2 below. The main objective of this paper is to demon-
strate that although minimal acyclic complexesof nitely generatedfree modules
often do arise by meansof 2.2, this is not always the case,particularly when certain
ring invariants are not too small.

For the purposesof this paper, we refer to complexesarising via Construction 2.2
as sesqui-acycliccomplexes. Thesecomplexesare preciselythose acyclic complexes
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of nitely generated free modules A satisfying H;(A ) = 0 for all i 0 (see
Lemma 2.3). Totally acyclic complexesare thus sesqui-acyclic,and the examplesin
[14] show that the corversedoesnot hold. As noted in [11], it was previously not
known whether every minimal acyclic complex of nitely generatedfree modulesis
sesqui-acyclic. The main examplesof this paper shaw this is indeed not the case;
they are given over local rings (R; m) satisfying m® = 0, and thus complemen the
results of [11].

In Section 1 we identify classesof rings with the property that every minimal
acycliccomplexof nitely generatedfree modulesis totally acyclic. It is well-known
that Gorensteinrings are such. We prove, for example, an extension of this result
for quotients of Golod rings by Gorensteinideals.

Recall that the genemlized Loewy length of a local ring (R;m) is the integer
“(R) = minfn ojm" (x) for somesystem of parametersx of Rg and the
codimension of R, denoted codim R, is the number edmR  dim R, where edimR
denotesthe minimal number of generatorsof m. As a corollary of the result above,
we shaow that every minimal acyclic complex of nitely generatedfree modules is
totally acyclic whenewer R is Cohen-Macaulg, and one of the following conditions
holds: (i) codimR 2, (i) " (R) 2, or (ii) codmR = " (R) = 3.

In Section 2 we give examplesof minimal acyclic complexesof nitely generated
free modules over Cohen-Macaulay rings R with codimR  5and " (R) 3 which
are not sesqui-acyclic.More precisely we construct minimal acyclic complexesA of
nitely generatedfree R-moduleswith the property that H;(A ) 6 Ofor all i. The
question whether every minimal acyclic complex of nitely generatedfree modules
is sesqui-acyclicremains open for local rings with codmR = 4and " (R) 3.

1. Growth of Betti numbers and acyclic complexes

Throughout this section, R denotesa commutativ e local Noetherian ring with max-
imal ideal m and residue eld k.

1.1. Complexes. We considercomplexesof nitely generatedfree R-modules
d2, A
A U Aner E AL AL
The trivial complexis the complexwith A; = 0 for all i.

The complex A is said to be acyclicif H(A) = 0. Welet () denotethe functor
Homg( ;R). The dual complex of A is the complex A , which has componert
(A n) in degreen, and dierentials di = (d*,,;) . An acyclic complex of
nitely generatedfree modules A is said to be totally acyclic if H(A ) = 0.

The complex A is said to be minimal if d* (Aj) mA; ; foralli 2 Z (cf. [6,
8.1]).

For ead integer n, the nth syzygymodule of A is "A = Cokerds,; .

In this secti?n we identify seweral classesof rings which satisfy the property:

(a= ta) Every minimal acyclic complexof nitely generatedfree
R-modulesis totally acyclic.
1.2. G-dimension. Werecall the notion of G-dimension, intro ducedby Auslan-
der and Bridger [1]. A nitely generatedR-module M is said to be totally re exive
(or, equivalertly, to have G-dimension zem) if the following conditions hold:
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(1) the natural evaluation mapM ! M is anisomorphism;

(2) ExtL(M;R) = Ofor all i > 0;

(3) Extk(M ;R)= Oforalli> 0.

A nitely generatedR-module M is said to have Gorenstein dimension g, de-
noted G-dimg M = g, if g is the smallestinteger such that there exists an exact
sequenced ! Gg ! ' Gi! Go! M ! Owith eath G; totally re exive. If
no sud integer exists, then G-dimg M = 1 . The Auslander-Bridger formula for
G-dimensionstatesthat if G-dimg M < 1 , then G-dimg M = depthR depthM.

It is clear from the de nitions that an R-module M s totally re exiv eif and only
if M = OA for sometotally acyclic complexof nitely generatedfree modulesA.
We collect below somevariations on this fact, as suited for our purposes.

1.3. Lemma. Let A be an acyclic complexof nitely genesmted free R-modules.
The following are then equivalent.

(1) A is totally acyclic.
(2) 'A istotally re exive for all i 2 Z.
(3) G-dimg( 'A)< 1 for somei 2 Z.

Proof. (1) () (2): SeeAvramov and Martsink ovsky [6, Lem. 2.4].

Clearly, (2) =) (3). To shaw (3) =) (2), note that in a short exact sequence,
if two modules have nite G-dimensionthen so doesthe third (seeAuslander and
Bridger [1, 3.11]). A recursive use of the short exact sequences:

o JAl Al 1Al O

gives then G-dimg( 'A) < 1 for all i. The Auslander-Bridger formula and a
counting of depths (by using the “depth lemma’ [7, 1.2.9]) along the short exact
sequencesbove then give G-dimg( 'A) = Ofor all i.

1.4. Gorenstein rings. If R is Gorenstein, then any nitely generated R-
module M satises G-dimg M < 1 (see[l]). In consequencelL.emma 1.3 shows
that every Gorensteinring R satis es (a = ta). More generally, for R not necessarily
local, lyengarand Krause [13] show that R is Gorensteinif and only if every acyclic
complexof (not necessarily nitely generated)projective modulesis totally acyclic.

In contrast to the result of [13], Gorenstein rings are not the only ones that
are known to satisfy (a = ta). For example, rings R with m? = 0 are known to
satisfy the property that every minimal acyclic complex of nitely generatedfree
R-modulesis trivial. In Proposition 1.6 we generalizethis result to a larger class
of rings, characterized by a growth property for Betti numbers.

1.5. Betti numbers. For every nitely generate R-module M we denote by

R(M) the ith Betti number of M, de ned to be the integer dimy TorR(M; k); it is

equalto the rank of the ith free module in a minimal free resolution of M. If A is
a minimal acyclic complex of nitely generatedfree R-modules, then we have:

(1.5.1) jR i( 'A) = rankg Aj forallj andi with j i
Moreover, the following statemerts are equivalent:
(1) A is trivial

(2) Ai = Ofor somei 2 Z.
(3) pdg "A <1 forsomen?2 Z.
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Indeed, that (1) =) (2) =) (3)isclear. Tojustify (3) =) (1), if pdg "A <
1 for somen, then pd; 'A < 1 for all i < n. The Auslander-Buchsbaum
formula for projective dimension and a court of depths givesthen pds 'A = 0,
hence 'A is free, for all i < n. Using minimality, it follows that A; = 0 for all
i < n. Minimalit y again showvsthat Aj = Oforalli n.

Many local rings sharethe following growth property (seeRemark 1.8 below):
There exists a positive integer d such that for every nitely
generatedR-module M of in nite projective dimension there exists

3 astrictly increasingsubsequencé [ (M)g o of f f(M)gi o with
andid nj< (i+ Ldforalli O.

)

1.6. Pr oposition. If the local ring R satis es (]), then every minimal acyclic
complexof nitely geneated free R-modulesis trivial.

Pr oof. Let A be a minimal acyclic complex, and set
m = maxfrankg A; jO i < dg;

where d is asin the de nition of (]). Dene M = mdA . If pdg M = 1, then
there exists a subsequencd ,, (M)goff ,(M)gsud that , (M) no (M) + i,
andid n; < (i+ 1)dforalli 0. In particular, 5, (M) no (M) + m with

md nm < (m+ 1)d. In other words,
rankg An,, md rankgr An, ma + M

with md np < (m+ 1)d.

Sincerankg An, md > 0, we seethat rankg An, md > m. But this contradicts
the de nition of m, as0 n, md < d. Thereforeit must bethat pdg M < 1,
henceA is trivial (see(1.5)).

Recallthat an R-module M is saidto be perfect if pdg M = gradegs M . An ideal
| of R is said to be perfect if the R-module R=I is perfect. The ideal | is said to
be Gorensteinif it is perfect and gR(R:I) = 1forg= gradeg |.

Sinceregular local rings satisfy property (]) vacuously the following theorem is
a generalization of the fact mentioned in 1.4, that Gorensteinrings satisfy (a = ta).

1.7. Theorem. AssumeR satis es property (]). Let| be a Gorenstein ideal of
R and setS = R=l. The local ring S satis es then (a = ta).

The theorem will be proved at the end of the section. We proceednow to give
someapplications.

1.8 Remark. It is known that R satis es (]) in all of the following cases:

(@) R is aregular local ring.

(b) R is a Golod ring which is not a hypersurface. (Pee\, [18, Proposition 5]).

(c) R = S=nJ, where (S;n) is a local ring and J is an ideal of S suc that
rank, J=nJ 2 (Lescot, [15, Theorem A.2]).

(d) R = S=nJ, where (S;n) is a local ring and J is an n-primary ideal of S
(Lescot, [15, Theorem A.1]).

(e) R = S=I, where (S;n) is a local ring and | is an ideal of S such that
rankg(nJ=nl) 2, whereJ = (I : s n) (Choi, [9, Theorem 1.1]).

(f) m® = 0, and either e := rankx m=m? < ranky m?, or PR(t) 6 (1 et+ (e
1)t?) ! (Lescot, [15, Theorem B(1)]).
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In view of Remark 1.8, Theorem 1.7 identi es many classesof rings which sat-
isfy (a = ta). We can easily extend these classeseven further by meansof usual
homological constructions.

1.9. Pr oposition. If A is acomplexof nitely geneated free R-modules,R! S
is a homomorphismof local rings, and x is an R-regular sequene, then the following
hold:

(1) A is acyclic (respectively, totally acyclic) if and only if A r R=(x) is acyclic

(respectively, totally acyclic).

(2) If R! Sis afaithfully at, then A is acyclic (resgctively, totally acyclic)

if andonly if A R S is acyclic (respectively, totally acyclic).

Pr oof. It suces to showthat A isacyclicif andonlyif A grR=(x) andA rS
are acyclic. The statemerts for total acyclicity follow in view of the isomorphisms
of complexes

Homg=(x)(A r R=(X);R=(x)) = A r R=(x);
and
Homs(A RrS;S)=A RrS:
Statemert (2) is obvious. To prove (1), we may assumethat x consistsof a
single regular elemert x. Note that there exists an exact sequenceof complexes

0! AT A1l A RgrR=x)! 0 which givesrise in homology to the exact
sequence

L OHi(A) FOHI(A) ! HIi(A RR(X) ! Hi 1(A)F
Obviously Hi(A) = 0= H; 1(A) impliesHij(A grR=(x)) = 0. Also, sinceH;(A) is

nitely generatedfor ead i, Nakayama's lemma givesthat if Hi(A r R=(x)) = 0O,
then H;i(A) = 0.

The following is an easycorollary of Proposition 1.9.

1.10. Cor ollar y. The following hold for a local ring R:

(1) If x is a regular R-sequene and R=xR satises (a = ta), then R satis es
(a=ta).

(2) If there existsa at homomorphismR ! S of local rings, and S satis es
(a=ta), thenR satises (a= ta).

We have the following corollary of Proposition 1.6/Theorem 1.7, which indicates
to what extent the examplesof Section3 are minimal with respect to the invariants
Loewy length and codimension.

1.11 Cor ollar y. Let R be a local Cohen-Maaulay ring of codimension ¢ and
genealized Loewylength ™. Then R satis es (a = ta), provided one of the following
conditions holds:

@c 2

2 2

(3) c= mult(R) 1.
4 c="=3

Pr oof. In view of Remark 1.4, we may assumethat the ring R is not Gorenstein.
Under the assumption in (1), Sdeja [17] provesthat the ring R is either a
completeintersection, or a Golod ring. Sincewe assumedR is not Gorenstein, R is
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thus Golod. The result follows from Proposition 1.6 and Peea's result mentioned
in Remark 1.8(b).

(2) In this casethere exists a regular sequencex such that the square of the
maximal ideal of R=xR is zero. A local ring for which the square of the maximal
ideal is zerois Golod. Sincethe elemerts of the regular sequencecan assumedto be
inm m? it follows from [3, 5.2.4(2)] that R is also Golod. The result thus follows
from Proposition 1.6 and 1.8(b).

(3) In this caseR hasminimal multiplicit y, and is therefore Golod (see[3, 5.2.8]).
Thus again the result follows from Proposition 1.6 and 1.8(b).

(4) By hypothesisthere exists a maximal R-sequencey sud that the ring S =
R=yR satises n® = 0, where n is the f_v;\aximal ideal of S. Theorem A of [11]
gives that the Poincare seriesP2(t) = S(K)t' of k over S satises PS(t) =
(1 3t+ 2t?) !, andthushasapoleof order1att= 1. A result of Avramov [2,
Theorem 3.1] shows that the ring S has an embedded deformation, that is, there
exists a local ring (R% m9% and a regular elemernt x 2 (m%? such that S = R%=xRC.
Furthermore, we have codim R? = 2. Sincewe assumedthat R is not Gorenstein,
neither are S or R henceR’is a Golod ring, asin the proof of part (1). Note
that the ideal xR is Gorenstein, sincex is a regular elemer. The ring S satis es
then (a = ta) by Theorem 1.7 and Remark 1.8(b). Corollary 1.10(1) givesthen the
conclusionfor R.

We now prepare for the proof of Theorem 1.7. For the convenienceof the reader,
we provide a proof of the following well-known inequality:

1.12 Lemma. Let | R be anideal. SetS = R=l and let M be a nitely
geneated S-module. The following inequality holdsfor all n  0O:

X
F(M) §(S) 5(M)
p+g=n
Pr oof. Considerthe changeof rings spectral sequencgsee[8, XVI X5])
2 _ S . R . — R .
Epq = Tor, M;Torg (S;k) =) Torg, 4(M;k)

1

Note that Ej¢" is a subquotient of Ej,, for all r 2 and the spacesEy,, are the

subfactorsof a ltration of TorE+ q(M; k). We have thus (in)equalities:

X
ranky TorX (M ; k)

1
ranky Ep;q
p&q: n p+g=n

§(S) (M)
p+g=n

2 _
ranky Ep;q =

Pr oof of Theorem 1.7. Setg = gradel, and let A be a non-trivial minimal
acyclic complex of nitely generatedfree S-modules. Set

)
m = 0211% . R(S) ranks A i
wherethe integerd is de ned by(]), andM = md A If M hasin nite projective

dimensionover R, then property (]) givesa subsequencé [ (M)goff R(M)gsuc
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that R (M) RM)+mandmd nyp (m+ 1)d. Now setj = np md.
Then 0 j < d, and by the de nition of m we have

x3
RM)  R(M)+ R(S)ranks Aj i:
i=0
Since X (M) > 0 and ranks A = & q(M) for all t md, in particular
ranks Aj ;| = r?m i(M)for0O i g(sinceg m np), weobtain

R X R S
nm (M) > i (S) n, (M)
i=0
and this contradicts the formula given by Lemma 1.12. In consequencewe have
that pdg M < 1 . We have thus G-dimg M < 1 and henceG-dimsM < 1, by
[12, Prop. 5] (cf. also[4, 7.11]). Using Lemma 1.3, this implies that A is totally
acyclic.

2. Sesqui-acyclic Complexes of Free Mo dules and Examples

Unless otherwise speci ed, R denotesa commutativ e local Noetherian ring with
maximal ideal m and residue eld k. We use the terminology and notation of
Section 1 for complexes.

Definition.  We say that a complex A is sesqui-acyclicif it is acyclic and there
exists an integer ¢ such that H;(A )= Ofor all i > c.

2.1 Comparison of acyclic, sesqui-acyclic and acyclic complexes. Clearly,
every totally acyclic complexis sesqui-acyclic,but the conversedoesnot hold. In-
deed, Jorgensenand Segain [14] construct minimal acyclic complexesof nitely
generatedfree R-modules C with the property that H;(C ) = Oif andonly if i 1.
We thus have the following diagram of implications for complexesof nitely gen-
erated free R-modules (with the right implication also following directly from the
de nitions):

(2.1.1) totally acyclic ‘s?—:$ sesqui-acyclic Bacyclic

In this sectionwe rst give motivation for the de nition of sesqui-acycliccom-
plex, and then we shaw that the right-hand implication in (2.1.1) is not reversible.
More precisely we construct minimal acyclic complexesA of nitely generatedfree
modules over codimension v e local rings R with m® = 0 sud that H;(A ) & 0 for
all i. We then extend theseto such examplesover Cohen-Macaulg rings R where
any choiceof codmR 5and " (R) codimR 2 is allowed. Note that Corol-
lary 1.11shaowsthat certain restrictions on the codimensionand generalizedLoewy
length are necessaryhenceour examplesare minimal, at least with respectto gen-
eralized Loewy length. We do not know whether such examplescan be constructed
when codimR = 4.

As seenin Proposition 1.6, non-trivial minimal acyclic complexesof nitely gen-
erated free R-modules may not exist. When they do exist, we want to understand
how they arise. A standard construction is described below (cf. [11, 3.2]).

2.2. Constr uction. Supposethat M is an R-module satisfying
(2.2.1) ExtL(M;R) = Ofor all i > O:
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p P

Let P ! M be a freeresolution of M , with P : I P, % P, % Po! O
. . dQ dQ

andQ ! M be a free resolution of M, with Q : I Q2 f Q1 t Qo! 0.

By condition (2.2.1), the complex

(@) (dg)

0! M ! Q Q h Q!

is exact, and thus one can splicethe complexesP and Q = Homg(Q;R) together
to obtain an acyclic complex of free modules:

P P Q

PiQ : PPt P QT Y g,
with the corwvertion that (PjQ ); = P; fori 0, and (PjQ )i = Q ; , fori < 0.
This complex is minimal whenewr P and Q are chosenminimal and M has no
non-zerofree direct summand. It is non-trivial if M is non-zero.

(d%)

Recall that the nth shift of the complex A is the complex "A with ( "A); =
Ai nandd "A = ( 1)"d*,. Wewrite A, for the complex with ith componert
(respectively, di erential) equalto A; (respectively, d® ) if i  n (respectively, i > n)
and O if i < n (respectively,i n).

2.3. Lemma. Let A be an acyclic complexof nitely geneated free R-modules.
The following are equivalent;
(1) A is sesqui-acyclic.
(2) There exist an integer s and an R-module M satisfying (2.2.1) suchthat A
is isomorphic to  3(PjQ ), wher the complex PjQ is de ned asin Con-
struction 2.2, with P a free resolution of M and Q a free resolution of M .

Proof. (1) =) (2). Assumethat A satises Hi(A ) = Ofor all i > c. Let
s be any integer satisfyings candsetM = S(A ). ThenQ =  S((A )ss)
is a free resolution of M. Since A is exact, we have H;(Q ) = Ofor all i < O,
henceExtk(M;R) = O for all i > 0. Note that wehaveM =  S*1 A, and hence
P= S (A, <) isafreeresolutionof M ,andthusA =  S*1(PjQ ).

(2) =) (1). Supposethat A = 3(PjQ ) for somes, with PjQ asin 2.2. One
has

Hi(A )= His+s 1(Q )= His+s 1(Q)=0 foralli> s

Lemma 2.3 thus shows that sesqui-acycliccomplexesare precisely those acyclic
complexeswhich comeabout through a processof dualization. In [11, 3.2], Chris-
tensenand Veliche noted that all known examplesof minimal acyclic complexesof
nitely generatedfree R-modulesarise by meansof this processof 2.2. The authors
alsoraised the questionin [11, 3.4] of whether this is always the case,or in terms
of our discussion,whether the right-hand implication in (2.1.1) is reversible. We
now show that it is not reversible.

From now on, the ring R and the complex A are asde ned below.

2.4. The main example. Let k bea eld and 2 k be non-zero. Considerthe
quotient ring

R = k[X1;X2; X3; X4; Xs]=l
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wherethe X; are indeterminates (each of degreeone), and | is the ideal generated
by the following 11 homogeneousjuadratic relations:

X2 X5 XoXa; X 1X2 + XpXa; X1 X3+ X3Xy;
X3 X2Xs  X1Xa; X5 X1Xs; XaXs; XE X3X5
As a vector spaceover k, R has a basis consisting of the following 10 elemerts:
1 X1; X2; X3; X4; X5; X1X2; X1X3; X1X4; X1X5

where X; denote the residue classesof X; modulo | . Sincel is generatedby ho-
mogeneouselemerts, R is graded, and has Hilb ert series1 + 5t + 4t2. Moreover R

ms = 0.
For eadh integeri 2 Z welet d; : R>! R? denotethe map given with respect to
the standard basis of R? by the matrix
X1 Xg
X3 X4
Consider the sequenceof homomorphisms:
A 1 R2 %t R2 Y R2 Y R2Y
2.5. Theorem. The sequen® A is a minimal acyclic complexof free R-modules
with Hi(A )6 O for all i 2 Z.
We have thus:
2.6. Cor ollar y. The minimal acyclic complexA is not sesqui-acyclic.

2.7. Remark. When 2 ks anelemen of in nite multiplicativ e order, the complex
A is non-periodic. When has multiplicativ e order s for someinteger s > 0, one
hasthat A is periodic of period s.

2.8. Remark. Christensenand Veliche askin [11, 3.5] whether every acyclic complex
of free modules C with frank C;g constart, over a local ring with m® = 0, is totally
acyclic. Theorem 2.5 givesa negative answer to this question.

Pr oof of Theorem 2.5. Usingthe de ning relations of R, onecan easily show
that didi+; = Ofor all i, henceA is a complex.

We let (a;b) denote an elemen of R? written in the standard basis of R? as a
free R-module. For ead i, the k-vector spacelm d; is generatedby the elemerts:

di(1;0) = (x1;X3) di(xs5;0) = (X1xXs;0)
di(0;1) = ( 'X2;X4) di(0;x1) = ( "X1X2;X1X4)
di (X1;0) = (0;X1X3) di(0;x2) = (0; X 1X2)

di (X2;0) = (X1X2;0) di(0;x3) = (0; X1X3)
di(x3;0) = (X1X3;X1Xs5) di(0;x4) = (" x1x2;0)
di (X4;0) = (X1X4; X1X3) di (0;x5) = ( 'X1x3;0)

Excluding d; (0;x3) and d; (0; x4), the above equations provide 10 linearly inde-
pendert elemers in Im d;. Thus ranky(Im d;) = 10 for all i. Since

ranky Ker d; + ranky Im d; = rank, R? = 20
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we have dimKerd; = 10 for all i. Thus, Imdi+1 = Kerd; for all i, sothat A is
acyclic.
To prove Hi(A ) 6 0, we have that d, = (dj) : R? ! R? is represered with
respect to the standard basis of R? by the matrix
X1 X3
iX2 X4

For eadh i, the vector spacelm d; is generatedby the following elemers

d (1;0) = (x1; 'x2) d; (xs5;0) = (X1Xs5; 'X1X3)
di (0;1) = (X3;Xa) di (0;x1) = (X1X3;X1X4)
d; (x1;0) = (0; 'X1X2) d; (0;x2) = (0; X 1X2)
d; (x2;0) = (X1X2;0) d, (0;x3) = (X1Xs5; X1X3)
d; (x3;0) = (X1x3;0) d, (0;x4) = ( XiXs;0)

d (X4;0) = (x1xa4; " xixa) d (0;xs) = (0;0)

Excluding d; (0;x2), d, (0;x4), and d, (0; xs) which are redundant, we have only
9 linearly independert elemeris in Imd;, henceranky Imd, = 9 for every i. It
follows that ranky Kerd; = 11 for all i, henceH;(A ) 6 0.

One can easily get examplesof minimal acyclic complexeswhich are not sesqui-
acyclic over local rings of any codimension larger than v e asfollows.

Let n 1 beaninteger,andys;:::;yn beindeterminates over k. De ne R, to
be the local ring obtained by localizing R k[y1;:::;yn] at the maximal ideal
m=( L1 yjl i 51 j n)

Now let A, denotethe sequence
PRz M R2Y R2 Y R2
whered! denotesthe map di ¢ K[y1;:::;¥n] Iocaliged at my.
Let pi;:::;pn be positive integers  2,set” = (pi 1)+ 3, and consider

2.9. Cor ollar y. Thering Ry is alocal Cohen-Maaulay ring with codim(R;) =
5, dm(Rp) = nand " (R,) = 3, and S, = Rp=(y) is an artinian local with
codim(S,) = n+ 5and “ (S,) = 7, suchthat the following hold:
(1) A, is a minimal acyclic complex of free R,-modules which is not sesqui-
acyclic.
(2) Ay R, Rn=(y) is aminimal acyclic complexof free S,-moduleswhich is not
sesqui-acyclic.

Pr oof. The statemerts about R, and S, are clear.

SinceR! R K[y1;:::;yn] is afaithfully at embedding of rings, the complex
A« K[y:i:::;yn] stays exact, and then too after localizing. Thus A, is acyclic
(and obviously minimal).

We have Hi (A ) « Klyz;:::5¥yn]l = Hi(A  « K[y1;:::;yn]) for all i. Moreover,
A« K[y1;:::;¥n] localized at m, is isomorphicto (A,) . SinceH;(A ) 6 0 for
all i by Theorem 2.5, it follows that H;((An) ) 6 Ofor all i 2 Z. HenceA, is
not sesqui-acyclic. The statemert about A, r, Rn=(y) follows from Proposition
1.9.



ACYCLIC COMPLEXES 11

In summary, we have the following diagram of implications for complexes of
nitely generatedfree modules over a local ring R:

totally acyclic ‘KEQ sesqui-acyclic ‘SEQ acyclic
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