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R is a local ring with maximal ideal m and
residue field k.

Given a finitely generated R-module M, the
Betti numbers of M are

B (M) = dimy, Extl% (M, k)

{52-R(M)}z'zo is the Betti sequence and the Poincaré
series is the formal power series

Pyr(t) = Y B (M)
i>0
The Bass numbers of M are
(M) = dimy Extly(k, M)

1t (M) Y,>0 is the Bass sequence and the Bass
R >
series is the formal power series

BR (t) = > wp(M)t'
i>0



Problem: Describe the growth of the Bass
sequence

{WR(R)}i>0
of R.

Motivation:

Theorem. (Auslander-Buchsbaum-Serre,
Gulliksen)

1. R is regular <= pdrpk <

2. Risacli <= cXpk < o0

Ci = complete intersection

CX = complexity



CXp M = d means

BE(M) < p(i) for all i>> 0,

where p is a polynomial of degree d — 1.

PXp M = d means

ul (M) < p(s) for all i > 0,

where p is a polynomial of degree d — 1.

Thus

CXpRM =0 <= pdrp M < ©
and

PXpM =0<4<= idp M < o0



Theorem. (Auslander-Buchsbaum-Serre,
Gulliksen)

1. R is regular <= pdpk < ©

2. Risaci <= cxXpk <

T heorem 777

1. R is Gorenstein < idr R < o0

2. Ris a "nice” <= pXxpR <



Assume R is Cohen-Macaulay with canonical
module w.

Can assume further that R has dimension zero.
Then

ph(R) = (W)

and we have

Question 1. Does cxpw < oo imply that R is
Gorenstein?



What is known.

Say that M (or {87(M)};>0) has exponential
growth if there exists a real number a > 1 such
that gf*(M) > a* for all > 0.

Assume that R is not Gorenstein. Then w has
exponential growth if

1. codmR<3

2. m3=0

3. Ris Golod

What makes this question difficult?

If R= S/(f), f a nonzerodivisor, then wp =
wg /fwg, and wr and wg have the same growth.

If R — S is flat and S/mS is Gorenstein, then
wg = wr®prS, and wr and wg have the same
growth.



Example 1.

not embedded embedded

R R’



In fact, if m3 = 0, or R is Golod, then w has
extremal growth, meaning that

curvp(w) = curvg(k)

where the curvature of M is

curvp(M) = Ii;n_}sotép \/ Brn (M)

Question 2. Does w always have extremal
growth when R is not Gorenstein?

“Yes” to Question 2 implies “Yes” to question
1.

But the answer to Question 2 is “No.”



Construction. Rq, Ry essentially of finite type
over the same field k, with k£ their common
residue field. Let R be the localization of R{®g
Ro at the maximal ideal m ;= m; Q. Ro + R1 Qp,
mo. If Ry and Ro are Cohen-Macaulay rings
with canonical modules w1 and wo, then R is
Cohen-Macaulay with canonical module

wr = (w1 ®rw2)m.

Let M7 and M»> be finitely generated modules
over Ry and Ry, respectively. Put M = (M1 ®y
M>)m. Then we have an equality of Poincaré
series

PE(t) = pﬁi (t)Pﬁg(t) .

For M = (M1 ® M>)m we have

curvr(M) = max{curvg, (My),curvg,(M>)} .



Example 2. Take Gorenstein R; with large
curvg,(k), and non-Gorenstein Ry with both
curvg,(k) and curvg,(ws) small:

R1 =k[x1,...,xe]/1
where
I = (x,%—x7;2+1,:vj:vl|i= 1,...,e—1;7%1)

e > 3. Then R;p is a Gorenstein ring, and
curvg, (k) = —2—. Note that —2 > 00

/2 /o2
as e — co. ¢TVe 4 e-Ver—4

Ry = kla,b]/(a?, ab, b)
The curvature of every nonfree finitely gener-
ated Ro-module is 2.

Now let R be the tensor of R;{ and R», local-
ized. Then

curvp(wgr) =2 < = curvg(k)
e—\/e2 —4
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Note: The previous construction also shows
that w is not in general a test module for finite
projective dimension:

Let My be any Ri-module with pdgr, M = oo.
Then pdp M = oo where M = (M1 ® Ro)m,
and

Tor{*(M,w) = 0 for all i > 0
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Note: The canonical module w does not have
finite virtual projective dimension.

Question 3. Can the canonical module have
finite complete intersection dimension?
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Theorem. Let R be a standard graded ring
over a field k. Assume that for linearly inde-
pendent elements z,y € Rq,

=0 and xy = 0.

If either

1. y2=0

or

2. R is a quotient by monomials

then the canonical module has exponential growth.
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